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Abstract—Temperature profiles and heat transfer coefficients in two phase, liquid-liquid, stratified laminar
flow down an inclined adiabatic plane were calculated numerically for the case where the thickness of the
upper, volatile, liquid layer varies continuously due to surface evaporation. Approximate and asymptotic
analytical solutions are presented for comparison.
With thin volatile films, heat-transfer coefficients of about 1000 cal/h °Cm? can be realized, indicating
the feasibility of utilising films, rather than, or in conjunction with, dispersions. The limitations imposed by
the hydrostatic head on the latter can thus be overcome.

NOMENCLATURE T,, temperature at the solid plane;
thickness of lighter film, a(x); V, velocity of phase i;
thickness of lighter film, at x = 0; Vv, velocity, average;
coefficients, equation (15); V;,  velocity of free interface, heavy fluid ;
specific heat capacity; Vas  velocity of liquid-liquid interface;
dimensionless group, equation (20); V., velocity of free interface, light fluid ;
gravitational acceleration; X, cartesian coordinate ;
Graetz number, modified (=Pe,/¢); VA cartesian coordinate ;
total thickness of films (hy + a); z, cartesian coordinate (= —y).

heat-transfer coefficient, local;
heat-transfer coefficient, average;

Greek symbols

thickness of heavy film ; %, thermal diffusities, (k/pC,);

thermal conductivity; B, inclination angle of flow to horizontal ;
ratio of interfacial velocities, equation s ratio of densities, (p,/p,);

(21); 1, dimensionless coordinate (y/h,);
length of flow section (x = L); 0, temperature, dimensionless

Péclet number (= Vyhy/a,); [T — (T, — TY];

heat flux, at x = x; 0, temperature, dimensionless (1 — 8);
dimensionless group (k,hqo/k,a,); 6,,  temperature, dimensionless, at liquid—-
Reynolds number; liquid interface;

water film Re number; 4, latent heat of evaporation;;
temperature, T(x, y); A eigenvalues;

temperature, liquid-liquid interface, v, kinematic viscosities ;

T(x); Pis densities;

inlet temperature of phase 2; T, ratio of kinematic viscosities (v,/v,);
temperature of free interface; g, dimensionless axial coordinate (x/h,);
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¢, dimensionless coordinate (z/hg);
w, dimensionless height (H/h,).

Subscripts
1, upper phase;

/, liquid-liquid interface;
i, phase number (1—lighter fluid; 2—
heavier fluid);

2, lower phase;

i, x, phasei,axial position x,(x = 0,x = x
orx = L);

L, average, uptox = L;

0, initial, at x = 0;

s, free interface;

w, wall;

X, local, at x = x.

INTRODUCTION
THE ELIMINATION of solid transfer surfaces by
utilizing an evaporating immiscible liquid in
direct contact heat-transfer affects low scale
formation and efficient heat transfer at low
temperature driving forces. Multi-phase, direct
contact, heat exchangers have thus gained
importance in water desalination schemes, where
heat recovery at low temperature driving forces
is of paramount economic value.

Detailed studies of single and multi-particle
systems undergoing change of phase [1-3]
showed that the hydrostatic head in such dis-
persed systems imposes a severe limitation on
the transfer efficiency. A water head of one
and a half foot can increase the boiling point
by, roughly, 1 degC. Thus the effective driving
force decreases with an increase in the hydro-
static head, and, at low nominal driving forces
and high depths, negative driving forces may
prevail. By utilizing phase change in films,
rather than or in conjunction with dispersions,
a more efficient multi phase exchanger is
anticipated.

A recent theoretical and experimental study
[4] of discrete films of a volatile fluid under-
going change of phase while floating on a
stagnant, infinitely large expanse of water,
provided the lower bound values of the heat-
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transfer coefficients to be expected when utilizing
films in multiphase exchangers.

This paper presents a theoretical study of
the temperature distribution and heat-transfer
coefficients to be expected when a thin film of
volatile fluid, say pentane, is evaporating,
hence diminishing, while flowing co-currently
and in direct contact with a laminar water film
down a slightly inclinded adiabatic plane. It is
noteworthy that although theoretical analysis
[5, 6] predicts unstable film flow at any Reynolds
number, laminar, ripple-free films were observed
by these authors on a near horizontal plane.
Similar observations were also reported by
Goodridge and Gartside [7] for Reynolds
numbers up to 1000. Also, stable ripple free
flow was maintained when a thin pentane
layer was added on top of the water layer
under similar flow conditions [10].

A piece-wise Graetz type solution, accounting
for the variable evaporating film thickness,
can be obtained [9] based on a recent Graetz-
type solution presented by Bentwich and
Sideman [8]. However, the solution for the
eigenfunctions and corresponding eigenvalues
requires tedious computations, and the ensuing
results are restricted to the initially stipulated
physical properties and film thickness. Hence,
a numerical solution of the differential equations
is actually more general in the practical sense,
since all physical properties and initial dimen-
sions constitute input data and are independent
of the solution procedure. Since the exact
solution may require considerabie computer
time it was deemed advantageous to study the
effect of simplifying assumptions. Thus, in
addition to the exact ““double grid” solution,
two approximate numerical solutions as well as
two (essentially asymptotic), analytical solutions
are presented here in brevity. The various
models treated are summarized in Fig. 1.

MATHEMATICAL MODELS
1. The exact **double grid” model
We consider the case of two-dimensional,
stratified, two-phase laminar flow down a solid
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I. EXACT ,DOUBLE GRID MODEL:

®\\1——L
) ::/ T Vv (xy)  azan T =T X7)
Sl o X Vs Vp (X, 0) ToET,ay)
2. "LINEAR" MODEL:

Ts Ve

M v, '=Vf=Const. a=g{x) Tl = 75'+A(X)Y
Y = -

, @ —/ V=1, (r) T, T, xn
3. CONSTANT THICKNESS MODEL :

(O] — | V=V, =Const. a%0, T, =T Ay
Y1® _j V=¥, () T, T, !
4. CONSTANT THICKNESS 8

VELOCITY MODEL (analytical):

[0] — V| =V, =Const. a=0, 7, =T +AX)Y
Y’ @ — V2=Vf =Const, 72 =72(X,)’)

>r - X
5 DITTO ,SHORT CONTACT

TIME (analytical)

ditto ; ditto ; ditto;

FiG. 1. Summary of mathematical models.

plane inclined at an angle 8. The two liquids are
immiscible and differ in their physical properties.
It is assumed that the flow is viscous, fully
developed, laminar as well as stable, and hence
governed by the Navier—Stokes’ equations in
which time partial derivatives are zero. The
solid plane is adiabatic, and the temperature
at the solid plane, T,, varies with length x.
The atmosphere is at a constant uniform tem-
perature, T,, representing the boiling point of
the light fluid at the corresponding pressure of
the system. With cartesian coordinates x — y as
shown in Fig. 2, the temperature distribution
T(x, y) throughout the space x = 0,0 <y < H
is evaluated for an arbitrary temperature distri-
bution 7(0, y) at the cross section x = 0. The
amount of heat conducted downstream is
considered negligible, compared with that trans-
ferred by convection in this direction.

By the momentum equation the x-directed
velocities of the two fluids are:

g-hs . 1 2 1
=—sin Biio— 1P+ tflo— Dy + 3]
1

- Ho — 2V} 1<7<o0

g.h

2
= v2°sin B{lwy — (v — D]n — #n*};

0

Vs

£

VAN

n
1)

where, in reference to Fig. 2,

H=hy + a; w = Hihy;

n=Y/he,  y=pipy; T = vy,
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F1G. 2. Schematic presentation of coordinates,

The dimensionless equations governing the
heat transfer in the two phases are

Qfgm Vho 0 i=1; 1<n<o 5
p 3 i=2 0<sp<t P
subject to the boundary conditions
60 ky 90
= 0; =1 (3
ar. = T ons 4 " (3
o6
n =0 §=20; n=0 @
=0 E=0; t=w (5
0=1 {=0;0<7<0w (6
da (To~ T)k, 06
&= AVe, o C n=e 0
where;
T- 1T, X
=RIT T

Equation (7) relates the local mass of the volatile
fluid evaporating at the upper free surface (the
heat sink) with the temperature and the gas—
liquid interfacial velocity V.. The term which
accounts for the sensible heat change of the
evaporating mass is negligible.

The local heat flux is calculated by:

(- T) ®)

&= =5 ol -

and the corresponding local and average heat-
transfer coefficient defined in terms of the
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average, mixing-cup temperatures 6, . and
8, . are given by:

k, 2
ho[gl.x - gl.x} 5’?

1L
;?-L pz< zjhxdx
]

h,=

9

n=1

(1

where
©

1

gl,xsz_ I)zjgﬂdﬂ;
1

1
1 ,
A f ov,dy.  (10)

0

gz,x =

The double suffix denotes the phase and the
axial distance, respectively. The corresponding
finite difference equations are quite simple and
are not given here.

2. A linear model
For very thin volatile films, ie. a/hy €1
{say 1/40), w — 1 and equation (1} reduces to:

N
Qho

™

~—sinf = V; 1€y<w

2

vd
V, o~ —h—smﬁ[r;w%}; O0snp<l.

Equation (2) and boundary conditions (3-5)
remain unchanged. As will be shown in the
discussion, a linear temperature distribution is
established in the thin volatile film practically
at the inlet. Thus, the initial condition, equation
(6)is taken as

9=1+-i:—°(1~n); {=0; 1<n<aw (6a)
0

=1; ¢=0; 0<n<1l (6b)
and equation (7) now becomes
hy ky a dﬂf Ay da
— 8
aVpr T3 T m o

where the term accounting for the change of
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the sensible heat of the evaporating mass was
neglected.

In accordance with the initial boundary
condition, equation (6a), the solution for the
thin upper film is assumed to be linear through-
out;i.c.

9=9,[1+h—;(1~nﬂ (12)

where 0, the interfacial (liquid-liquid) tem-
perature, as well as a are function of £. Note that
atl=0,0,=1

The temperature linearity assumed in the
upper phase reduces the problem to the simul-
taneous solution of equation (2) with boundary
conditions (3,4, 6b, 7a), in the 0 < n < 1 region
equations (8-11) obviously remain unchanged.
Note, however, that equations (10) and (12)
yield 8, , = 8,/2 and that equation (9) can also
take the following form:

b

1 b

ho=t_ %
* a gz,x - 91,x

(9a)

{a) A constant thickness model

For somewhat thicker films, say a/h, ~ &,
film thickness does not vary appreciably, and
the solution is further simplified by assuming
a = ao. Though now much less justified on
physical grounds, equations (1a) and (12) are
assumed to hold. The problem is now completely
described by equations (2) (for 0 € 1 < 1) (3, 4,
6a, 6b), but with a = a, = constant. Once the
temperature profiles in the lower phase are
determined, the heat-transfer coefficients can
be determined as in the previous model.

4. Asymptotic solution for small Graetz numbers

As in cases (2) and (3), the temperature in
the thin volatile film is assumed to be linear,
equation (12). Moreover, a is assumed constant
(= ao) and the velocities of both phases are
assumed constant and equal to V,. The tempera-
ture distribution in the lower, heavier, film is
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now obtained by solving the following

dimensionless equation :

2%*6 o0

V:h
ap = P -

Pe, =
4 24

(13

2

together with the boundary conditions given by
equations (3, 4, 6b). Note that ¥V, = 3V,. The
solutian is given by:

6= ’2 C,cos () exp[—42/G.]  (14)

where,

2sin A
= . = s 1
G.=Pefts G, Ay + %in 24, (15)
and the eigenvalues are calculated from
_hoky
/1,, tan 4, = E(_) 7('; (16)

The local heat-transfer coefficient, as defined
by equation (9), is given by:

o0

CyAnsin Lexp [~ A2/G.]
1

okt

x ho ) -
ZC,, (il%—):f —}cos A,) exp[—12/G.]

n=1

17

A rather good approximation for large values

of ¢ (or small values of Péclet numbers) is

obtained by utilizing the first term of the series
solution only. Equation (17) then reduces to:

ky 243
b= B _EI; - llcotll]
n? 2,

Since k, is now x-independent it is also equal to
hy.

The utilization of equation (18) as an as-
symptotic solution for the variable-thickness
film case is discussed below.

5. Assymptotic solution for large Graetz numbers
In addition to the assumptions made in
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case (4), (i.e. a = ay, V; = V, = V; and a linear
temperature distribution in the volatile film),
it is further assumed that the heat penetration
depth in the heavier phase, perpendicular to the
interface, is very small in relation to its absolute
thickness, hy. Obviously this assumption implies
that the temperature beyond the penetration
depth remains unchanged, at T, and is justified
only for short distances or short contact times.

Defining, for convenience, new dimensionless
parameter

T T
f=1-0=— "2,
T-T
T, - T z
GEI— :u' [ = — = —
ri 0_/' T;—To’ ¢ r’ ho’

where z = (—y) is a newly defined co-ordinate
starting at, and perpendicular to, the interface
(z = 0aty = hg). Clearly, the penetration con-
cept implies that formally hy — oo (in the new
z-coordinates).

The governing equation and boundary con-
ditions are given by equations (13, 3, 6b),
rewritten in the new dimensionless parameters,
and equation (4) which now becomes

§=0, (=o00; ¢&20  (4a)
yielding
0 = — exp[R{] exp[R?/G.] erfc[R/G} + 4(G}]
(19)
and
8, =1—exp[R?/G Jerfc[R*/G.]* =1—E
(20)
where,
hok
R= aZk:'

The local heat-transfer coefficient defined by
equations (9) and (9a) are given by:

K10 _% B
= aéf+1_ a2—E

and the average heat-transfer coefficient, as

h (9b)
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defined by equation (11),isconveniently obtained
either by numerical or graphical methods.

RESULTS AND DISCUSSION

The numerical solution to cases 1 to 3 were
obtained by an Elliott 503 computer utilizing
the straightforward explicit finite difference
method.

Comparison of the various cases treated is
best demonstrated in Fig. 3 where the calculated
interfacial temperatures are plotted as a function
of the axial distance.

As is to be expected the linear approximation
(case 2) is very good for very thin films but yields
erroneous results for thicker films, particularly
near the inlet. As will be shown below, the
discrepancy is due to the non-linearity of the
temperature profile near the inlet as well as the
existance of a velocity distribution in the thick
volatile film.

The constant thickness models (cases 3 and 4)
are seen to represent good approximations for

0

- 08
Ko
Lo
=
)

~06
[
=
e
S

204
3]
©
a
E
2

02

Water- Pentane syst.
75=36°C;75:34°C
Rey = 1330
L=2mm
1 | ] |
0 20 40 60 80 100

Longitudinal distance, X [cm]

F1G6. 3. Development of interfacial and wall temperatures
along the plate.

Double grid (case 1).

————— Linear (case 2).

—.—.— Constant thickness (case 3).

-@—@—@® Constant g, and V, analytical (case 4).

+ 4+ + + Short contact time (case 5).
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thick films, though the assumption of a linear
temperature profile increases their inaccuracy
near the inlet. As is also evident from Fig. 3,
the application of these two models (3 and 4)
to thin films will obviously yield erroneous
results.

Lastly, the solution for “short contact times”
{case 5) is obviously limited for the entry region
only, or else for systems with large Péclet
numbers, ie. small thermal diffusivities. This
solution is best suited to very thin films, where
the constant velocity and the linearity assump-
tions, inherent in the derivation, hold. The error
introduced by assuming V; = V, in all, but the
exact, models can be determined as a function
of the relative thicknesses of the two films.
Defining K = V,/V,, where V, = V; [by equa-
tion (1a)] and ¥, is the velocity of the liquid-
liquid interface [by equation (1)], it can easily
be shown that

aQ 11-K

he 2y K @D

For the system considered here (hy = 0-2cm,
y = 0-63) the assumption that ¥, = V; intro-
duces an error of 3 per cent for a = 0-005 cm,
whereas for a, = 0-02 cm the error is almost
10 per cent. Thus, as clearly indicated by Fig. 3,
the error for hy/a, = 40 is better than 3 per cent.

The temperature linearity assumed in all,
but the exact, models can be checked by plotting
the calculated temperature profiles in the vola-
tile film for various values of a, and comparing
these profiles to equation (12). Figure 4 represents
such a comparison or @y = 0-02 cm. The agree-
ment with thin films is very good practically
from the start, making the graphical presentation
superfluous. The temperature profiles in the
water phase are shown in Fig. §, along with
average temperatures at various longitudinal
cross sections.

The accumulated change of the volatile film
thickness is shown in Fig. 6 for two initial film
thicknesses, calculated by the exact and the
linear models. The results, practically identical
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F16. 5. Temperature profiles in the water film (case 1).

in the graphical presentation, substantiate the
above conclusions regarding the applicability
of the linear model.

Equation (18), (case 4) represents the asympto-
tic solution for the variable thickness case for
small G, Numbers, (or large values of &)
Obviously, this solution is applicable only if
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F1G. 6. Variation of film-thickness with plate length.

the volatile film exists and is yet unbroken.
Under these conditions the temperature of
both phases asymptotically approach the value
of T, and the asymtotic, value of g, 1.e. a = const,
should replace the value of a, in equations (16)
and (18). This value can be obtained by a simple
heat and mass balance since now

ho .
[vTdy ~VT,
0

where V denotes the average velocity.

The exact local and average fluxes and their
respective local and average heat-transfer co-
efficients are shown in Fig. 7. Figure 8 represents
a comparison of the average heat-transfer
coefficients calculated by the exact and linear
models. Alsoincluded in Fig, 8 are the asymptotic
solutions for large and small G, numbers.
The results are clearly in accord with the con-
clusions drawn above from Fig. 3.

CONCLUSIONS

An exact solution for heat transfer in two
phase flow with variable film thickness was
obtained and the effect of simplifying assump-
tions was studied. The linear temperature
assumption in the variable thickness model
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FiG, 7. Average and local fluxes and heat-transfer co-
efficients (case 1).

is, within an error of 10 per cent, suitable even
for relatively thick, hofa, >~ 10, films. This
assumption is better than 3 per cent for thin,
hy/ay = 40, films. The constant thickness models
are particularly useful for thick layers, and, due
to compensation of the assumption made, are
fast and surprisingly accurate.

The high transfer coefficients calculated here
for laminar, stable flow, possible at small
inclination angles, introduce an interesting
practical problem. Presumably, turbulent flow
should yield even higher transfer coefficients.
However turbulence will undoubtedly break
the upper thin film, and reduce the actual
contact area. Thicker, ‘“‘unbreakable” films will
obviously introduce higher resistance to heat
transfer and are undesirable under any con-
ditions. Thus, the practical question presently
posed is whether turbulent flow with partial
coverage is more efficient than laminar flow with
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total coverage. Work in this direction is presently

underway.

Average heot-transfer coefficient, 7, [k cal/m2 h °C]

2500

2000+ \\ «l
\

1500

1000
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Résumé— Les profils de température et les coefficients de transport de chaleur dans un écoulement laminaire
stratifié & deux phases liquides le long d’un plan incliné adiabatique ont été calculés numériquement dans
le cas ol la couche supérieure est un liquide volatil dont I’épaisseur varie d’une fagon continue i cause de
’évaporation de la surface. On présente dans un but de comparison des solutions analytiques approachées
et asymptotiques.

On peut réaliser, avec des films volatils de faible épaisseur, des coefficients de transport de chaleur
d’environ 1,1 KW/°cm?, ce qui indique la possibilité d’utiliser des films, plutdt que, ou en méme temps que
des dispersions. Les limitations imposées par la pression hydrostatique sur ces derniéres peuvent ainsi étre

surmontées.

Zusammenfassung— Temperaturprofil und Wirmeiibergangskoeffizienten fiir zwei Phasen, Fliissigkeit-
Fliissigkeit-Schichtstrémung an einer geneigten adiabaten Ebene wurden numerisch berechnet fiir den
Fall, dass sich die Verdunstung stetig dndert. Angeniherte und asymptotische analytische Lésungen werden
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vergleichesweise angegeben. Mit diinnen flichtigen Filmen lassen sich Wéarmeiibergangskoeffizienten von
etwa 1,2 W/m? grd erhalten was die Mdglichkeit bietet, Filme allein oder in Verbindung mit Dispersionen
zu verwenden. Die von der hydraulischen Hohe ausgehende Begrenzung bei letzteren fillt damit weg.

Annorauna—YuCIEHHO PACCYNTAHBL TeMIIEpATypHbie Hpodman U Kos@@UUUEHTH Tensio-
o0MeHA JJIA CIOUCTOrO JAMMHADPHOTO TEUEHNA ONHOM MKUIKOCTH 10 APYro¥ BHM3 MO HAKJIOH-
HOlt apmuabarwdeckoif muaockoctH. I[IpuHMMaeTcs, YTO TOJMIMHA BEPXHEro CIOA JeTydeill
MUIKOCTH HEIPEPHIBHO U3MEHANACH 3a CUET HCTAPeHUa ¢ OTKPHITOH noBepxuoctu. IpoBozsar-
Cfl CONOCTABIEHMA YMCJIEHHBIX Pe3yJbTaTOB ¢ TNPUOIMMKEHHBMUM M  ACHMHTOTHYECKUMU
AHAIUTHYECKUMHU pelleHnAMU . TIoKa3aHO, YTO B CJIyyae TOHKUX MJIEHOK JIETYYHMX yKUJKOCTell
peaiuayemsl koaduunents rernmoobmena mopagka 1000 kan/uac G m2.



